A general analytical model applicable to the vibration analysis of thin-walled composite I-beams with arbitrary lay-ups is developed. Based on the classical lamination theory, this model has been applied to the investigation of load-frequency interaction curves of thin-walled composite beams under various loads. The governing differential equations are derived from the Hamilton's principle. A finite element model with seven degrees of freedoms per node is developed to solve the problem. Numerical results are obtained for thin-walled composite I-beams under uniformly distributed load, combined axial force and bending loads. The effects of fiber orientation, location of applied load, and types of loads on the natural frequencies and load-frequency interaction curves as well as vibration mode shapes are parametrically studied.
Vibration analysis of thin-walled composite beams with I-shaped 1 cross-sections 1 2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 and mode shapes of a symmetric beam with simply supported ends under uniform bending was derived. By using 34 the power series method, Leung [12, 13] developed the exact dynamic stiffness matrix including both the axial force,
35
initial torque and bending moment for the interactive axial-torsional and axial-moment buckling analysis of framed 36 structures. Recently, Leung [14] proposed a new concept of uniform torque for buckling of columns by biaxial moments 37 and uniform end torque. Second-order effects of the axial force, biaxial moments and torque were considered in the 38 analysis.
39
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KINEMATICS

60
The theoretical developments presented in this paper require two sets of coordinate systems which are mutually 61 interrelated. The first coordinate system is the orthogonal Cartesian coordinate system (x, y, z), for which the x and 62 y axes lie in the plane of the cross section and the z axis parallel to the longitudinal axis of the beam. The second 63 coordinate system is the local plate coordinate (n, s, z) as shown in Fig. 1 , wherein the n axis is normal to the middle 64 surface of a plate element, the s axis is tangent to the middle surface and is directed along the contour line of the 65 cross section. The (n, s, z) and (x, y, z) coordinate systems are related through an angle of orientation α. As defined
66
in Fig.1 a point P , called the pole, is placed at an arbitrary point x p , y p . A line through P parallel to the z axis is 67 called the pole axis.
68
To derive the analytical model for a thin-walled composite beam, the following assumptions are made 69
1. The contour of the thin wall does not deform in its own plane.
70
rotation angle Φ about the pole axis,
These equations apply to the whole contour. The out-of-plane shell displacementw can now be found from the 78 assumption 2. For each element of middle surface, the shear strain become
Eq.(2) can be integrated with respect to s from the origin to an arbitrary point on the contour,
where differentiation with respect to the axial coordinate z is denoted by primes ( ′ ); W represents the average axial given with respect to the midsurface displacementsū,v,w by the assumption 3.
The strains associated with the small-displacement theory of elasticity are given by 
All the other strains are identically zero. In Eq.(7),ε z ,κ z andκ sz are midsurface axial strain and biaxial curvature of 88 the shell, respectively. The above shell strains can be converted to beam strain components by substituting Eqs.(1),
89
(3) and (5) into Eq.(7) as
where ϵ respect to the shear center, and twisting curvature in the beam, respectively defined as
The resulting strains can be obtained from Eqs. (6) and (8) as
VARIATIONAL FORMULATION
94
The total potential energy of the system can be stated, in its buckled shape, as
where U is the strain energy
After substituting Eq.(10) into Eq.(12), the variation of strain energy can be stated as
where 
The variation of the potential of the in-plane load N 0 at the centroid and transverse load p acting on the cross 101 section at a point a distanceā above the shear center can be found in Refs. [23, 24] 102 δV =
where M b is not the actual bending moment in the beam, but the simple beam moment due to transverse load p.
103
The variation of the kinetic energy is expressed in Ref.
[25] as 8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   9 Substituting Eqs. (13), (15) and (16) into Eq.(17), the following weak statement is obtained
In Eq. (18), M b and p are the buckling moment and transverse load, and can be written for various types of loading
where λ is a buckling parameter and f (z) and g(z) are polynomial functions which depend on the loading pattern.
110
These functions are given as follows for various types of loading: 
CONSTITUTIVE EQUATIONS
112
The constitutive equations of a k th orthotropic lamina in the laminate co-ordinate system of section are given by 8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   10 The constitutive equations for bar forces and bar strains are obtained by using Eqs. (10), (14) and (21) 117
where E ij are stiffnesses of thin-walled composite beams and given in Ref.
[25].
118
GOVERNING EQUATIONS OF MOTION
119
The governing equations of motion of the present study can be derived by integrating the derivatives of the varied 120 quantities by parts and collecting the coefficients of of δW, δU, δV and δΦ
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Eq. (24) 
ANALYTICAL SOLUTIONS FOR SIMPLY SUPPORTED COMPOSITE BEAMS UNDER AXIAL FORCE AND
132
UNIFORM BENDING
133
For simply supported beams with free warping, the overall displacements modes in bending and torsion are assumed 
For the above equations, it is well known that the flexural natural frequencies in the x-direction and bending 138 moments are decoupled, while, the flexural natural frequencies in the y-direction, torsional natural frequencies and 139 bending moments are coupled. They are given by the orthotropy solution for simply supported boundary condition 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 
and P xn , P yn , P θn and M xn are nondimensional axial force and moment.
where P xn , P yn and P θn are the flexural buckling loads in the x-and y-direction, and torsional buckling loads [29] 144
and M crn is the buckling moments for pure bending [29]
FINITE ELEMENT FORMULATION
146
The present theory for thin-walled composite beams described in the previous section was implemented via a 4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 
Substituting these expressions into the weak statement in Eq.(18), the finite element model of a typical element 152 can be expressed as the standard eigenvalue problem 
NUMERICAL EXAMPLES
158
A thin-walled composite I-beam with length l = 8m is considered to investigate the effects of axial force, bending 159 loads, fiber orientation on the natural frequencies and load-frequency interaction curves as well as vibration mode 
163
The following engineering constants are used 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   15 For convenience, the following nondimensional axial force, bending loads and natural frequency are used
As a first example, a simply-supported composite beam under under uniformly distributed load is analyzed. The (Fig. 4) , the first and third natural frequencies decrease from ω 1 = 5.05 and buckling loads (Fig. 5) . The decrease becomes more quickly when uniform loads are close to lateral buckling loads.
178
The next example is a simply supported composite beam under combined axial force and bending moment. 
182
With the same value of bending moment, it can be seen that the natural frequencies diminish when the axial force vertical load with respect to the axial compressive force change of these angles is plotted in Fig. 11 . As expected, • , respectively, which implies that at these loads, the critical flexural-torsional buckling occur as 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 17 a degenerated case of natural vibration and vertical load at zero value. It is from this figure that illustrate clearly the 217 characteristic of load-load-frequency interaction curve, which explains the duality between flexural-torsional buckling 218 load, lateral buckling load and natural frequency. 
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